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This paper presents conditions on nonnegative real valued functions f l , f 2 , . - . , f m  and 
91,92, . . .  gm implying an inequality of the type 

m m 

H f,,ix,,.ix, H 
i = 1  i = 1  

This "2m-function" theorem generalizes the "4-function" theorem of [2], which in turn  generalizes 
a "2-function" theorem ([8]) and the celebrated FKG inequality. It also contains (and was partly 
inspired by) an "m against 2" inequality tha t  was deduced in [5] from a general product theorem. 

1. I n t roduc t i on  

Given two sequences f l ,  f2,--., fm and gl, 92,..., gm of nonnegative real valued 
functions, and a measure p defined on a domain D, we are interested in determining 
conditions that guarantee the inequality: 

/ ,,(.),,(x).../,.(x),,(x) _</,l(X),,(x).../,.(x),,(x). 
D D D D 

Our interest in this problem is motivated by the "4-function" theorem of 
Ahlswede and Daykin which provides such conditions in the case m = 2. This 
well-known result generalizes a number of important inequalities in combinatorics, 
probability theory and statistical mechanics including the FKG inequality, and 
related results due to Holley ([89, Harris([7]), and Kleitman ([10]). Ahlswede and 
Daykin ([3]) developed a framework for inequalities on set functions based on a 
general product theorem which abstracts the induction step of the proof of the 
4-function theorem. This was extended further by Daykin ([5]) who used this 
framework to deduce several corollaries including sufficient conditions on functions 
f l , f 2 , . . . , f m  and gl,g2 that imply: 

m 

i= l  D D D 
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in the case that D = {0,1} k, and p is the uniform probability measure ([5], Theorem 
S). 

In this paper, we formulate and prove a "2m-function" theorem that  provides 
a natural generalization of the 4-function theorem. In addition it strengthens the 
result of Daykin mentioned above, settling some questions posed by Daykin. 

We need the following notation and definitions: for x = (Xl ,X2, . . . ,xk)  and 
Y = (Yl,Y2,. . . ,Yk) in Nk, x V y  and x A y  in R k are defined to have coordinates 
(x V y) j  =max(x j ,  yj) and (x A y) j  =min(xj ,  yj). Given x 1, x2 , . . . ,  x m from ]Rk set 

m i Ai=lx = x 1 Ax2A. . .  Ax m and analogously for V. Also, for any set S C_ {1, . . . ,m},  
define x S = AiES xi, and 

X [1] = ' 'V xS, l = l , . . . , m .  

s:lsl=l 

Thus, x [1] rn  i , x [ m  ] rn  i. = Vi=l x = A i = l x ,  in general the j t h  coordinate of x [1] has the lth 
largest value among xij ,  i = 1 , . . . ,  m. 

Definition. A a-finite (nonnegative) measure # on Rk is said to be an FKG measure 
if p has a density function r with respect to some product measure dcr on R k, (that 
is, da(x)  = II~=ldaj(xj),  and d#(x) = r  where r satisfies for all x = 

(x l , x2 , . . . , xk )  and y = (Yl,Y2,.-.,Yk) in I~ k, 

(1) r162  _< r  V y ) r  A y).  

Condition (1) is referred to as multivariate total positivity of order 2 (MTP2) 
in [9]. 

The definition of F K G  measures includes both discrete and continuous cases. 
In combinatorial applications, the most interesting examples are counting measures 
on finite distributive lattices. The counting measure on such a lattice D is shown 
to satisfy the definition by embedding D in a finite lattice L obtained as a product 
of chains, taking da to be the counting measure on L, and the function r to be the 
indicator function of D. In other discrete applications r is a probability function 
satisfying (1), e.g., for the Ising model in statistical mechanics, r is a probability 
function on D = { -1 ,1}  k, of the form r = Z - l e x p { ~ J i , j x i x j } ,  with Ji,j >- O. 
Natural continuous cases arise when da is Lebesgue measure and r is a probability 
density satisfying (1). Examples of such probability densities are given in [9] and 
references therein, and include the multivariate normal under certain conditions, 
and the case of order statistics. 

The main result of this paper is: 

Theorem 1.1. Let f l ,  f2 , - . . ,  fm and gl, g2,-.-, 9m be nonnegative real valued func- 
tions defined on ]~k that satisfy the following condition: for every sequence 
x 1, x2 , . . . ,  x m of elements from ~k 

(2) f l  ( x l  )f2 (x2) �9 �9 �9 (x m) _~ gl (x [1] )g2 (x[2]).. �9 gm(x[m]) �9 
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Then, for any FKG measure # on Nk: 

(3) / f l ( x ) d p ( x )  . . . / f m ( x ) d p ( x ) < _  / 91(x )d#(x ) . . .  f gm(x)d#(x).  

Rk R k Rk Rk 

Moreover, for any sublattice D of N k, 

(4) 
m 

I-[ 
/ = 1 ~ 9  

il l / 9i(x)d,(x). 
We are not concerned with  issues of integrabi l i ty  in this pape r  and so we always 

assume tha t  integrals are well-defined. The  case m = 2 of this theorem is the 4- 
funct ion theorem.  

The  proof  of the theorem is by induct ion on the dimension k. The  induct ion 
step mimics t ha t  in [2] (and also could be deduced f rom the p roduc t  theorems in [3] 
and [5]), and it is the basis (k = 1) case t ha t  is new. The  proof  of the basis s tep is 
related to the approach  to the 4-function theorem presented in [9] and utilizes the 
relat ionship between the desired inequali ty and an inequali ty of ma t r ix  permanents .  
Our  invest igations suggested the  following: 

Conjecture 1.1. Let A and B be m x m  nonnegative matrices. Suppose that for any 
nondecreasing sequence 1 <_ il <_ i2 <_ ... <_ im <_ m of integers and any permutation 
7r o f { 1 , 2 , . . . , m }  : 

( 5 )  Ai~(1), l  Ai~(~) ,2 �9 ..  Aid(m),rn <-- B i l , 1 B i 2 , 2  -- - B i m , m -  

Then 

Per (A) < P e r  (B).  

This  conjecture was formula ted  as the  key step in the proof  of Theo rem 1.1. 
Thus  far, we have proved the conjecture  for the cases m = 2 and m = 3 and the 
case t ha t  for some r be tween 1 and m,  b o t h  A and B consist of r identical rows 
followed by r n -  r identical  rows. As it tu rns  out,  this la t ter  case is sufficient 
for us to prove Theo rem 1.1. Nevertheless,  we believe the general  conjecture is 
of independent  interest.  For one thing,  it includes as a special case the  following 
classical inequality: 

Theorem 1.2. (Muirhead 1903, see(J12]) or ([13]). Let a = (a l ,a2 , . . . , am) ,b  = 
(b l ,b2 , . . .  ,bin) and x = ( X l , X 2 , . . .  ,Xm) be nonincreasing sequences of real numbers 
with the x nonnegative. Let A and B be the m x m matrices defined by Ai, j = 

aj bj 
x i and Bi,j -- x i �9 If  a -< b (where -< denotes the majorization order, i.e., 
al + a2 + ... + aj < bl + b2 + ... + bj for each j < m, with equality for j = m) 
then P e r  (A) < P e r  (B).  

I t  is easy to verify t ha t  the  matr ices  in Muirhead ' s  inequali ty satisfy the 
hypothesis  of conjecture  1.1 (use [13],3.H.2.c, p. 92; or jus t  check it). 

The  remainder  of this pape r  is organized as follows. In Section 2 we derive 
Theo rem 1.1 f rom two l emmas  and a special case of Conjec ture  1.1, and explain the 



272 YOSEF RINOTT,  MICHAEL SAKS 

relevance of the full conjecture to our problem. In Section 3 we prove the required 
special case of Conjecture 1.1 along with some brief comments on the conjecture. 
Finally, in Section 4, we use the theorem to deduce a combinatorial inequality for 
families of sets. 

While this paper was being refereed, we learned that R. Aharoni and U. Keich 
([1]) independently discovered the main result of this paper and some refinements. 
We benefited from discussions with them concerning their work. 

2. P r o o f  o f  T h e o r e m  1.1 

In this section we show the following: 
1. Conjecture 1.1, if true, would yield a natural proof of Theorem 1.1. 
2. A special case of conjecture 1.1, given by Lemma 2.1, yields Theorem 1.1 in the 

case that the measure p is concentrated on {0,1} k. With additional embedding 
and approximation arguments, we obtain a complete proof of Theorem 1.1. 

Lemma 2.1. Conjecture 1.1 holds for the case that  A is an m x m  nonnegat ive  ma t r i x  
such that  for some r between 1 and m,  A consists o f  r identical rows followed by 
m - r identical rows, and B has the same structure.  

The proof of this lemma will be given in Section 3. The next lemma shows 
that the conclusion of Theorem 1.1 for k = 1 follows from an inequality which will 
later be interpreted as an inequality between permanents. As usual, we use Sm to 
denote the set of all permutations of {1,2,.. .  ,m}. 

Lemma 2.2. Let  f i  and gi be real valued funct ions defined on 1R, and let # be a 
~-finite measure on R, sat is fying 

m 

~rCSm i = 1  ~rESm i = 1  

for any xi in the suppor t  o f  p, i =  1 , . . . , m .  Then  

m m 

Proof. Assume first that  # is a probability measure, then extend by normalization 
to any finite measure, and by standard approximation to any (z-finite measure. 
Consider x, Xl, . . . ,  Xrn to be i id random variables having the distribution #. Taking 
expectations in (6) we obtain m!IIm_lE# [fi(x)] < m!IIm=lEtL[gi(x)] and the required 
result follows. 

We now prove Theorem 1.1 in the special case that the measure It is a product 
measure concentrated on {0,1} k. We proceed by induction on k, starting with k = 
1. Defining Ai, j  = f j ( x  i) and Bi,j  = g j (x i ) ,  i , j  = 1 ,2 , . . . ,m,  we have P e r ( A )  = 

I-Im_lfi(xTr(i)) and P e r ( B )  = ~ I-[m_lgi(xTr(i)). Thus in view of Lemma 
T:ESm 7rESm 
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2.2, the case k = 1 of the theorem will follow if we show tha t  P e r  (A) _< P e r  (B) 
where x l , x 2 , . . . , x  m is an a rb i t ra ry  sequence with all x i in the suppor t  of #. By 
the invariance of permanents  under  column permuta t ions  we may, wi thout  loss of 
generality, assume tha t  x 1 _> x 2 >_ ...  _> x m. 

Since the suppor t  of # is {0,1}, we may assume tha t  for some r, the first r of 
the xi's equal 1, and the rest are equal to 0. Thus  each of the first r rows of B is 
equal to (g l (1) ,g2(1) , . . .  ,gm(1)),  and each of the remaining m -  r rows is equal to 
(g l (0 ) ,g2(0) , . . . , gm(0) ) .  A has a similar s t ructure,  which is the s t ructure  specified 
by L e m m a  2.1. To verify t h a t A  and B satisfy the hypothesis  (5), note that :  

Ai,(1),lAi~r(2) 2 , ' "  Ai~(m),,~ = f l  (x i~(1) )f2 (xi'(2) ) . . .  fm (x i~(m) ) 

( 7 )  _ g l ( X  . . .  = 

where the inequality follows from the hypothesis  (2) of Theorem 1.1 applied to the 
sequence xi'(1) ,xi'(2),.. .  ,xi'(m). This completes the basis step k = 1. 

We now proceed with the induct ion step of the proof. Recall tha t  we are in 
the special case tha t  # is a p roduc t  measure, i.e., d#(x)  = II~=ldpj(xj).  Fix x i = 

i i .. x~) = 1, ,m,  = ( X l , X 2 , .  , and define ( X l , X 2 , .  , , i  . . .  set .~i i i . .  X ~ _ I ) ,  

= fi( i, = x ) .  

Then  j~(x) and ~i(x) satisfy the hypothesis  of Theorem 1.1 in the variable x for 
the case k = 1. To see this one needs only to overcome the nota t ion and apply the 
definitions. The  case k -- 1 of Theorem 1.1 now implies 

m m 

i = 1  i = 1  

which is equivalent to 
m m 

i-=1 i = 1  

The lat ter  inequality says tha t  the "marginal" functions defined by pi(x) = 
f f / (~,  x)d#k (x) and qi (fr = f gi (x, x)d#k (x) satisfy the hypothesis  of Theorem 1.1 
as functions of ~ E I~ k - 1 .  Applying the induct ion hypothesis,  we conclude 

i =  l i-~] 

Finally, note tha t  

:..,ix, l = / 
and similarly for qi, completing the induction step and the proof of Theorem i.i 
for the case of product measures with support on {0, i} k. 

In order to extend the result to general FKG measures we need the following 
lemma, which is essentially a result of Lorentz, [Ii], see [13] p.156 for a convenient 
reference. The proof is rather easy and involves a finite number of applications of 
the F K G  condition. 
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Lemma 2.3. Let r be a nonnegative function on IRk satisfying the FKG condition 
(1). Then for any x l , x2 , . . .  ,x m from R k 

r m) < r162 r 

The extension of Theorem 1.1 to FKG measures is now obvious: let # be an 
FKG measure with density r with respect to a product measure da. Replace the 
functions fi and gi by f ie  and gir respectively, i = 1,2,... ,m. By Lemma 2.3 the 
latter functions satisfy the hypothesis of Theorem 1.1. Applying the established case 
of Theorem 1.1 for product measures with support on {0,1} k to these functions and 
the product measure da yields the desired extension. Moreover, since the indicator 
function I D of any sublattice of 1R k satisfies the FKG condition (1) as well, the 
statement of (4) follows for any sublattice D in the same manner. 

So far, we have proved Theorem 1.1 for the special case of FKG measures 
concentrated on {0,1} k. The proof used only the special case of Conjecture 1.1 
given in Lemma 2.1 (which will be proved in the next section). If Conjecture 1.1 
were known to be true in general, the same argument would provide a natural proof 
of Theorem 1.1 in full generality. 

In the absence of a proof of Conjecture 1.1, we complete the proof of Theorem 
1.1 by reducing it to the known special case. As these arguments are standard 
and tedious, they will be described briefly. First replace R k by [-a,a] k for large 
a. Given an FKG measure having the density r with respect to a product measure 
da, we approximate da by a discrete product measure daD on a finite sublattice D 
of [-a,a] k. We now embed the sublattice D into {0,1} n, for a suitable value of n. 
It is well known that such an embedding exists, preserving the lattice operations, 
so that we can regard D as a sublattice of {0,1} n, and apply Theorem 1.1 to 
the density defined by Cda D with respect to the counting measure on {0, 1} n. A 
standard approximation argument is now all that  is required to complete the proof 
of Theorem 1.1. 

Remark. Observe that the present proof has the rather awkward feature that for 
a general measure p, the proof of the theorem requires that we know the result on 
{0,1} n for all n, and thus even the case k = 1 requires the induction part of the 
argument. For example, when k = 1 and # has finite support of cardinality s, we 
need an embedding into {0,1} s-1. A proof of Conjecture 1.1 would eliminate this 
aspect of our proof, as well as the need to apply a limiting argument to obtain the 
result for measures with infinite support. 

3. P r o o f  o f  L e m m a  2.1 a n d  d i scuss ion  o f  C o n j e c t u r e  1.1 

Before we prove Lemma 2.1, we need the following notation and elementary 
result. For a = (a l, a2, . . . ,  an) in II~ n let a* denote the decreasing rearrangement of 
a, i.e., a vector having the same components as a, arranged in decreasing order. For 
a and b in R n define a -~w b (weak majorization) if a~+a~+...+aj <_ b~+b~+...+b; 
for each j _< n, (not requiring equality for j = n). We now quote a simple lemma 
which will be soon needed. 
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Lemma 3.1. (See, e.g., [13], p. 64, 3.C.l.b.) For h : R n -~ ~ convex and increasing, 
a -<w b implies En_lh(ai)  < En_lh(bi). 

- -  \ /~ - - I I m  Proofo fLemma2 .1 .  ForTcESm d e f i n e ~  =IImlA~(i~ i, /3~r- i=lB~(i),i. Then. 
P e r ( A )  < P e r ( B )  is equivalent to E ( ~  < ~/~r. Applying Lemma 3.1 with h(x) = 
e x, the latter inequality follows provided we show that  ( log~ l , . . . , l oge~m!)  -<w 
(log/3~l, . . . , log~m!).  By definition of the partial ordering •w this relation is 
equivalent to the statement that for any V c Sm there exists a set W c Sm with 
IVI = IwI and 

r 7fEW 

Recall that A has only two distinct rows, (s] , s2 , . . . ,Sm)  and ( t] , t2 , . . . , tm) ,  say. 
Then 

m 

(9) H c~ = H @ ~  
~rCV j = l  

for some nonnegative integers satisfying kj + lj = I V[,j  = 1, . . . ,  m. Denote the two 
distinct rows of B by u =  (Ul,U2,... ,urn) and v = (vl ,v2, . . .  ,Vm) with u preceding 
v. Let ~7 E Sm be such that k~(1) > kv(2) > ... > k~(m). We claim that  the expression 
in (9) is less than or equal to 

m 

uj vj . 
j = l  

To see this note first that  in the present case condition (5) reduces to 

(11) St(l) . . .  8Tr ( j ) t~ r ( j+ l  ) . . .  t~r(m ) _~ Ul  . . .  U j V j + I . . .  Vrn 

for any j = 0 , 1 , . . . , m  and 7r E Sin. Thus defining for 0 < j < m, J j  = 
8v(1) . . .8v( j) tv( j+l) . . . iv(m) and Zl.j = Ul . . .u jv j+l  .. .Vm we have b~ _< ~/j for 
all j .  Setting kn(0) -- IV[, and kn(m+l)=0,  we have 

m m m 
kv( j ) -kr l ( j+ l ) o k~(j) .l~(j) 

H ' - - -  H]5"('>-"(J+I> -< H u5 = H "5 "5 
7rEV j = l  j = l  j = l  

thus the desired inequality between the expressions in (9) and (10) holds. Finally 
note that  the quantity in (10) equals I-I~Ew~Tr for the coset W = V~ = {Tr~ :Tr E 
V}. Thus (8) is established and the proof is complete. 

Remark. For ra = 2 or 3 the inequality (8) can be proved for all sets V by exhausting 
all possible sets, and Conjecture 1.1 follows. For m > 4 such an exhaustive proof 
becomes too exhausting. We have come up with ways of constructing analogs for 
(10) which exceed the corresponding analogs of (9), however, we do not have a 
general method for carrying out the last step of the proof, that is, for showing 
that such an expression arises as ~ E W  ~- for a suitable W C_ Sin. The analog of 

ll...lm in the general case is a doubly stochastic matrix times a constant, and 

Conjecture 1.1 appears to be related to various other interesting questions on such 
matrices, which we may pursue elsewhere. 
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4. A Combinator ia l  Inequal i ty  

One of the mot iva t ing  examples  for the 4-function theorem was the following 
combinator ia l  inequali ty due to Daykin.  For set collections M and :~, define: 

M V : ~ = { A U B  : A E M ,  B E : ~ } ,  

M A J 3 = { A N B  : A E M ,  B r  

Daykin ' s  inequali ty ([4]) asserts t ha t  for any two collections M and $ ,  

(12) I~ll.~l <_ I~ v ~11~ A ~1. 

Theorem 1.1 yields the following generalization.  Let M1,M2,... ,M rn be set 
collections. For any set S C_ {1, . . .  ,m},  define M S = AlES Mi, and 

M[/] = V Ms, l =  1 , . . . , m .  

S:lSl=l 

T h e o r e m  4.1. For any set collections M 1,~2,. . .  ,Mm , 

IM~IIM21 ...  IM'~I < IMEt]IIM[2]I . . .  IM['4 I. 

For example,  in the case tha t  m = 3, this theorem asserts: 

IM~IIM211Mal 
< l~ ~ v M  2 vMal I (M ~ AM 2) V (M 1 AM 3) V (M 2 AM3)ItM 1 AM 2 AMSl. 

Theorem 4.1 is obta ined  from Theo rem 1.1 as follows. Let  U denote  the union 
of all of the sets in the collections M i. We can identify the lat t ice of subsets  of U 
with the sublat t ice {0, 1}lgl of RIuI. Taking fi to be the indicator  funct ion of M i 

and 9i to be the indicator  function of M[ i] it is easy to verify t ha t  the hypothesis  

(2) is satisfied. Taking the measure  dt~ to be the count ing measure  on {0,1} Iul, the  
conclusion of Theo rem 4.1 is now equivalent to the conclusion (4) of T h e o r e m  1.1. 

Remark .  It  might  be t emp t ing  to th ink  tha t  Theo rem 4.1 can be deduced by 
repea ted  appl icat ion of inequali ty (12). T h a t  this is not the case was poin ted  out  
to us by R. Aharoni  and U. Keich. 
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